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Dichroism	describes	an	angular	and	/or	polarization	behaviour	of	the	absorption	



%"

=$527'"1$%&'($)*",=#0";"1$662'25%2"*27)8'21 ".$-&"/$527'/@"4(/7'$:21 "/$9&-"
"
<$'%8/7'"1$%&'($)*",<#0";"1$662'25%2"*27)8'21 ".$-&"/26-"H"'$9&-"%$'%8/7'/@"4(/7'$:21 "/$9&-I"
"
J7-8'7/"1$%&'($)*",J#0";"-$*2D'2>2')7/")@**2-'@"$)"%(5)2'>21"
"
J(5DK2%$4'(%7/",JK0;""-$*2D'2>2')7/")@**2-'@"$)"5(-"%(5)2'>21"""
"
C7952-$%"1$%&'($)*",C#0";"*27)8'21 "$5",62''( B"62''$"('" 75-$62''(0"*7952-$%"*7-2'$7/) "

!"#$%&"'()
)

*"(+)%+,+%'-.)
'/((+0%/ )

1-%"0/)
'/((+0%/ )

&'()*'+" ,-./'* "0&,12" 3" 3"

4'5./67 ",-./'* "04,12" 3" 3"

&8."9/7-:*87'+",-./'* "0&9,12" ;" ;"

&'()*'+" <-*7)+'*"0&<12" 3" ;"

4'5./67 "<-*7)+'*"04<12" ;" 3"

4'5./(8; 8:67'+"04 " 12" ;" ;"



="

L&2"*27)8'2*25- "(6"1$%&'($)*"$)"(6-25"%&7//259$59G"

G"38-"4'(>$12)"7%%2))"-("4'(42'-$2) "-&7-"%755(-"32"*27)8'21 "$5"75(-&2' ".7@"""

1560 1565 1570 1575 1580 1585 1590

incident X-ray energy (eV)

0

3

6

9

N
or

m
al

iz
ed

 a
bs

or
pt

io
n 

(a
rb

it.
 u

ni
ts

)

Al K edge
beryl

ε //c

ε ⊥ c

:8+'*->/?"@:/7(*'"

1560 1565 1570 1575 1580 1585 1590
incident X-ray energy (eV)

0

3

6

No
rm

al
ize

d 
ab

so
rp

tio
n 

(a
rb

it.
 u

ni
ts

)

Al K edge

corundum

beryl

α-Al2O3

(BeO)3(Al2O3)(SiO2)6

[6]Al

-@8(*8:-7"@:/7(*'"

Average signature
 Access to polarization dependent states




A"

L&2"%(''2)4(51$59"!")8* "'8/2) "+"'2/7-2"1$%&'($)*"-("7"9'(851 ")-7-2"*(*25-;"
"
M$12/@"744/$21"$5"NC<#B"/2)) "744/$21"$5"(-&2' "-@42)"(6"1$%&'($)*)"
"
"""

NC<#";""7>2'792">7/82"(6"OCP"-&2"/(%7/"*7952-$%"*(*25-"(6"-&2"73)('32'"
""
"



Problem : The parametrization in LFM  XMCD 

​
→
𝐵
┬ "

710 715 720 725 730 735
0.0

0.5

1.0

XA
S 

(a
rb

. u
ni

t)

Energy (eV)

N
Q

R
",7

'3
I"8

5$
-)0

"

S52'9@",2T0"

710 715 720 725 730 735
-0.6

-0.4

-0.2

0.0

0.2

A
bs

or
pt

io
n 

(a
rb

. u
ni

ts
)

Photon Energy (eV)

Fe	L2,3	edges	
4K,	+/-6.8T	N

C
<

#"
,7

'3
I"8

5$
-)0

"
S52'9@",2T0"

L3	

L2	

NQR"'$9&-"

NQR"/26-" NC<#"U"NQR"'$9&-"V"NQR"/26-"

<'." B/"C/'@)*/? "-."D/**-"E"D/**8C'5./67 "C'(/*-'+@"0F4<1"G"H"-."'.6D/**8C'5./(@ 2"
FIJ"C/'@)*/? "K-(L"7-*7)+'*+M":8+'*->/?"N;*'M@""8."'"@'C:+/"C'5./67'++M":8+'*->/?"BM"/N(/*.'+ "C'5./67 "O/+?"

​
→
𝐵
┬ "

710 715 720 725 730 735
0.0

0.5

1.0

X
A

S
 (a

rb
. u

ni
t)

Energy (eV)

P"

S52'9@",2T0"

N
Q

R
",7

'3
I"8

5$
-)0

"



�X�A�S�:� �S�u�m� �r�u�l�e�s� �f�o�r� �c�i�r�c�u�l�a�r� �d�i�c�h�r�o�i�s�m� �o�r�b�i�t�a�l� �a�n�d� �s�p�i�n� �m�o�m�e�n�t

XMCD sum rules 

234+#0-5&6),-.7+)&8))))
Q"

9LZ:);) ⟨𝒊|​​𝑳↓𝒁  |𝒊⟩)

(Z"78C:8./.("8D"8*B-('+"C8C/.()C "8:/*'(8* 2"

4'5./67 "O/+?"R"-@"@/("'+8.5"(L/"Z"'N-@""

LZ "

LZ "



�X�A�S�:� �S�u�m� �r�u�l�e�s� �f�o�r� �c�i�r�c�u�l�a�r� �d�i�c�h�r�o�i�s�m� �o�r�b�i�t�a�l� �a�n�d� �s�p�i�n� �m�o�m�e�n�t

XMCD sum rules 

S"

<=)9TZ:);) ⟨𝒊|​​𝑻↓𝒁  |𝒊⟩>)

9SZ:);) ⟨𝒊|​​𝑺↓𝒁  |𝒊⟩)
)

C'5./67 "?-:8+/"8:/*'(8* "

4'5./67 "O/+?"R"-@"@/("'+8.5"(L/"Z"'N-@""

SZ "

TZ "



!H"

L&2"%(''2)4(51$59"!")8* "'8/2) "+"'2/7-2"1$%&'($)*"-("7"9'(851 ")-7-2"*(*25-;"
"
M$12/@"744/$21"$5"NC<#B"/2)) "744/$21"$5"(-&2' "-@42)"(6"1$%&'($)*)"
"
"""

NC<#";""7>2'792">7/82"(6"OCP"-&2"/(%7/"*7952-$%"*(*25-"(6"-&2"73)('32'"
""
NC=#";"7>2'792">7/82"(6"OCWP"
"
NJ<#";"*$A-8'2"32-.225 ")-7-2)".$-&"1$662'25-"47'$-@",('3$-7/"4)281(12>$7-(' 0"
"
NJ=#";"75$)(-'(4@"(6"%&7'92"1$)-'$38-$(5",X871'84(/2 "H"&2A712%74(/2"*(*25-)0"
"

Dichroism is not straightforward to predict / calculate…



Let’s start with X-ray Natural Linear Dichroism (XNLD)




! "( ) = 4! 2" ! ! f ï i
f ,i

!
2

! ! ω " Ef + Ei( )

L&2"NQR"%'())D)2%-$(5"

YY"

Z&(-(5"4(/7'$:7-$(5" Z&(-(5".7>2">2%-('"

i

i



f
!
! .!r 1+

i
2

!
k.!r !

1
6

!
k.!r( )

2"

#
$

%

&
' i = f

!
ε.!r i +i

k
2

f
!
! .!r !

u.!r i !
k2

6
f

!
! .!r !u.!r( )2 i

k
k

u

!
!

=

X871'84(/2" (%-84(/2"

!" !2
1=k

Z&(-(5"252'9@"$5"
K@132'9"
[$52")-'8%-8'2"%(5)-75-"" 127

1!

J29/$9$3/2"6('"ND'7@)" R$:273/2"6('"\"2192"NC<#"

"JI"?(8/1$B"ZK?"]^",W_Y`0"

Electric operators
 Magnetic operators
 Dipole spin position operator




Ya"

Selection	rules	

L&2"2A475)$(5"(6"""""""""751"""""""""$5"'27/")4&2'$%7/"&7'*(5$%)"9$>2)";"""""r.
!!

ε r.u !!

)(rY)1(r. m
13

4m !"=# $!!

[('"2A7*4/2B"4(/7'$:7-$(5"7/(59":B".7>2">2%-('"7/(59"A";"

0
110

0
13

4cos. rYcrYrzr ==== !"#
!!

f o i = c! omo
a!m
f (E)

! ,m
! b! r,E( )g! i

(r)r2+! o dr
0

R

"
#

$
%

&

'
( Y!

m )( )Y! o

mo )( )Y! i

mi )( )
Sphere

"" d)
#

$
%%

&

'
((

L&2"-'75)$-$(5"*7-'$A"$)";"

K71$7/"$5-29'7/" b785-"%(26E$%$25-"

J(5":2'(B"(5/@"6('")(*2"c"751"m"! "
9$>2)"-&2")2/2%-$(5"'8/2)"

)(coscossin.. 1
2

1
2

2
21

2 YYrcrzxrur !=== !"##$
!!!!

( )!"=# ,

1o =ℓ mo=	_"

2o =ℓ mo=	+	1	751"-Y"



<7)2"(6"KD2192",Y)"$5$-$7/")-7-20;""

"

"

"1$4(/2"%(*4(525-"751"4(/7'$:7-$(5"7/(59":";""

" "-&2"(5/@"5(5D:2'( "*7-'$A"2/2*25- "$)"6('""

" "! "(52"4'(32)"-&2"4: "E$57/")-7-2)"4'(d2%-21"(5-("-&2"73)('3$59"7-(* "

"

"1$4(/2"%(*4(525-"751"4(/7'$:7-$(5"7/(59"@";""

" "! "(52"4'(32)"-&2"4@"E$57/")-7-2)"4'(d2%-21"(5-("-&2"73)('3$59"7-(* "

"

"e6"4: "751"4@"2/2%-'(5"125)$-@"7'2"1$662'25-";"(52"%75"*27)8'2 "NJ=#"

""

"""" ""! NJ=#"$)"182"-("75$)(-'(4@"$5"%&7'92"1$)-'$38-$(5"

ℓ i = 0 =mi

ℓ =1 m=	_"

!
ε.!r = y = c11r(Y1

1 +Y−1
1 )

1o =ℓ mo=	_"



<7)2"(6"KD2192",Y)"$5$-$7/")-7-20;""

"

"X871'84(/2 "%(*4(525- B"4(/7'$:7-$(5"7/(59":B".7>2 ">2%-('"7/(59"A";"

" "(52"4'(32)"-&2"1A:"E$57/")-7-2)"4'(d2%-21"(5-("-&2"73)('3$59"7-(* "

k B 

e

z 
x

! i = 0 = mi

X871'84(/2 "%(*4(525- B"4(/7'$:7-$(5"7/(59",Af@0H)X'- ,W0B""

" " " " ".7>2 ">2%-('"7/(59",AD@0H)X'- ,W0"

"(52"4'(32)"-&2"1AWD@W"E$57/")-7-2)"4'(d2%-21"(5-("-&2"73)('3$59"7-(* "

If  the dxz and dx2-y2 electron densities are different, one can measure XNLD
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How	to	make	connection	between	crystal	properties	and	site	properties	?		
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MgAl2O4 

Do we need to perform 16 calculations ?

Can we simplify the problem ? 




3 translations


4 equivalent sites by rotation  


3 x 4 = 12
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Symmetry elements in D3d point group 


Symmetry elements in Oh point group 


The C3 axis in D3d is one of the C3 axis in Oh
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1. Can we predict  the angular dependence based on the crystal structure ? 



2. Is there an analytical expression of the XAS cross-section :




for electric dipole transitions ? 

for electric quadrupole transitions ?




3. How does one calculate the spectrum for the whole crystal using a single atom model ?




e))82)"'2/7-21"-("NJ=#"%7/%8/7-$(5)"



#="

Expression of the angular dependence of XAS, RIXS etc…


Two formalisms can be used to describe the same physical property :



-  Cartesian Tensors

-  Spherical Tensors


Many physical properties can be described by a tensor : for example : 



electric dipole transition amplitude in XAS : tensor of rank 1 (= a vector) :

                           31 = 3 components



electric dipole transition intensity in XAS : tensor of rank 2 (= a matrix)

 
 
 
32 = 9 components



A tensor of rank N is the generalized form :  3N  components 
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Expression of the angular dependence of XAS, RIXS etc…


Take a Cartesian tensor of rank 2 and apply a transformation : "

its components will transform linearly into themselves


Now we limit ourselves to rotations






It is possible to make « special »  linear combinations the 9 components and 
from « groups »  where they transform into themselves


One is invariant : a scalar (a 0th rank tensor) 


A group of 3 transform into themselves : a vector (a 1st rank tensor)



A group of 5 transform into themselves : a 2nd rank tensor


It is not possible to make smaller groups : we call them  irreducible tensors 
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Expression of the angular dependence of XAS, RIXS etc…


Ex : Spherical harmonics           are irreducible tensors"

By analogy, irreducible tensors are labeled : 






It is easy to rotate or multiply them. 


Yℓ
m

Tℓ
m

m= −ℓ,...,ℓ

rank
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XAS cross-section in Cartesian coordinates :  (1) electric dipole transitions


In Quanty (which uses Green function formalism) the electric dipole XAS cross-
section is calculated as the Imaginary part of the « conductivity tensor » # : 


IB@8*:68."G";TCU! .#.! V"
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! : 4(/7'$:7-$(5"
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!  The « conductivity tensor » #ij = a Cartesian tensor of rank 2 (= a matrix):


 



XAS cross-section in Cartesian coordinates :  (1) electric dipole transitions


¥  For linearly polarized x-rays, this conductivity tensor writes : 


with


i = x,y,z   ; j= x,y,z


 3 x 3 = 9 components




XAS cross-section in Cartesian coordinates :  (1) electric dipole transitions


J:/7(*)C"C/'@)*/?"K-(L""
N;:8+'*->/?"+-5L("W"! =(100) ,$UdUA0"



XAS cross-section in Cartesian coordinates :  (1) electric dipole transitions
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XAS cross-section in Cartesian coordinates :  (1) electric dipole transitions


¥  Simplieication is possible by considering the symmetry group G of the sample 


For any operation S in G, 


!  Spherical average : the case of a powder : 


The isotropic spectrum is the trace of the conductivity tensor in any (x,y,z) frame


𝜎(𝜀)=𝜎[𝑆(𝜀)]


# is symmetrized (averaged over all S symmetry operations)
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σxx = σyy= σzz


In the cubic (xyz) frame the conductivity tensor writes :


isotropic


Other components 
are zero




! "L&2"%7)2"(6"-2-'79(57/")@**2-'@" z axis


In the (xyz) tetragonal frame where z is the 
fourfold axis the conductivity tensor writes :


σxx = σyy≠ σzz


Other components 
are zero


dichroism
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Other (equivalent) expressions  from the literature for a dichroic crystal : 


A crystal with a high symmetry axis z : trigonal or tetragonal system


The conductivity tensor can be written in the principal axis


Analytical expression of  dipole cross-section for a trigonal or tetragonal crystal : 


2 fundamental spectra only are needed in order to know everything 


// means parallel to z (=#zz) 

┴ means perpendicular to z (=#xx, #yy)




At magic angle (54.7 ° between !  and z) : one measures the isotropic spectrum 
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In the (xyz) orthrhombic frame the conductivity tensor writes :


σxx ≠ σyy≠ σzz


Other components 
are zero
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In the (xyz) monoclinic  frame the conductivity tensor writes :


σxx ≠ σyy≠ σzz


#xy  and #yx are 
non-zero
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In the (xyz) triclinic  frame the conductivity tensor writes :


9 components 
are different
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!  Conductivity tensor : a  Cartesian tensor of rank 4 : 


 
 
 
 
 
more complicated than a matrix !


 
 
 
 
 
3 x 3 x3 x 3 = 81 components


XAS cross-section in Cartesian coordinates :  (2) electric quadrupole transitions


For linearly polarized x-rays, the electric quadrupole XAS cross-section writes : 


with


!  For a powder : 


= the isotropic quadrupole spectrum


Note that Quanty calculates only a 5x5 matrix (25 well-chosen wrt symmetry)  components
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Expressing the angular dependence with Cartesian tensors quickly becomes heavy : 





 
 
 
 
for electric quadrupole transitions


 
 
 
 
when symmetry is low





What about with spherical tensors ? 


C. Brouder,  « Angular dependence of x-ray absorption spectra », 

J. Phys. Condens. Matter 2 701 (1990)


Expressions for all symmetry groups (dipole and quadrupole operators) are given in : 
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!  The symmetry of the crystal restricts the possible values of #(2,m).


XAS cross-section in spherical coordinates :  (1) electric dipole transitions


For linearly polarized x-rays, the electric dipole XAS cross-section writes : 


with


isotropic
 anisotropic tensor components

= fundamental spectra 

= energy-dependent functions
angular coefeicient
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Examples 


XAS cross-section in spherical coordinates :  (1) electric dipole transitions


Cubic 




isotropic :


Trigonal / Tetragonal  


 dichroism : 


z axis deeined as high symmetry axis of the crystal 


similar to : 


Triclinic




trichroism

6 spectra to measure / calculate 


1 spectrum to measure / calculate


2 spectra to measure / calculate


= σxx= σyy=σzz
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XAS cross-section in spherical coordinates :  (2) electric quadrupole transitions


For linearly polarized x-rays, the electric quadrupole XAS cross-section writes : 


with


1 isotropic


5 +9 = 14 anisotropic tensor components


15 independent fundamental spectra (energy-dependent functions) in 
order to determine (= measure or calculate) # for any (! ,k)

 




%P"

Examples 


Cubic 




No XNLD 


Trigonal


dichroism


(xyz) frame : z axis deeined as high symmetry axis of the crystal


 
  x and y are deeined according Tables of Crystallography


Triclinic




15 spectra to measure / calculate 


 XNLD is not zero for a cubic crystal !

2 spectra to measure / calculate


4 spectra to measure / calculate


XAS cross-section in spherical coordinates :  (2) electric quadrupole transitions


spherical coordinates
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Coming back to our example : how to calculate XNLD in practice ? 


( ) ( ) ( )if
if

if
if

EEirrkfEEirf +!++!= "" #$%#&'#$%#&'#( !!!!
2

,

22

,

2 ...4

( ) ( )if
if

EEirrk
I

rf +−+= ∑ ωδεεωαπωσ !!
2

,

2 ..
2

.4

dipole
 quadrupole


One spectrum to calculate  :

any orientation of ! $)"4())$3/2"

Two spectra to calculate : 

two independent sets of (! ,k)


Cubic 

crystal
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"?"

"! "

UHH!V"

"?"

"! "

UHH!V"

quadrupole
 Two spectra to calculate : 

two independent sets of (! ,k)
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Coming back to our example : how to calculate XNLD in practice ? 


( ) ( )if
if

EEirrk
I

rf +−+= ∑ ωδεεωαπωσ !!
2

,

2 ..
2

.4

dipole
 quadrupole


isotropic"
Dichroism : 2 fundamental spectra


One D3d site


Cubic 

crystal


Dichroism : 2 fundamental spectra


Trichroism : 4 fundamental spectra
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Coming back to our example : how to calculate XNLD in practice ? 


( ) ( )if
if

EEirrk
I

rf +−+= ∑ ωδεεωαπωσ !!
2

,

2 ..
2

.4

dipole
 quadrupole


isotropic"

dichroism : 2 fundamental spectra


One D3d site


Cubic 

crystal


dichroism : 2 fundamental spectra


trichroism : 4 fundamental spectra


Average over A, 
B, C and D  sites
 Average over A, 

B, C and D sites
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))3,4(702)0,4(7(
18
1

)0,4(

)0,0()0,0(

)0,0()0,0(

33

3

3

dd

d

d

D
Q

D
Q

cube
Q

D
Q

cube
Q

D
D

cube
D

!!!

!!

!!

+"=

=

=

crystal site   

Be careful :



the fundamental spectra (tensor components)of the crystal are not necessarly 
the same as for a single site.


Here it can be shown that :  
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site  A         !      site    B


rotB=Rz(%/2)


site  A            !      site    C

rotC=Rz(3%/2)


#l , ! BF)
 #l (rotB
-1(!) , rotB

-1(k)) 

 


##, ! )
 ##(rotB
-1(!) ) 


 


#l , ! BF)
 #l (rotC
-1(!) , rotC

-1(k)) 

 


##, ! )
 ##(rotC
-1(!) ) 


 


site  A            !      site    D

rotD=Rz(%)


#l , ! BF)

##, ! )
 ##(rotD

-1(!) ) 

 
#l (rotD

-1(!) , rotD
-1(k)) 


 


D
D

C
D

B
D

A
D

cube
D σσσσσ +++=

D
Q

C
Q

B
Q

A
Q

cube
Q σσσσσ +++=
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Site B


Site C  "

1 calculation


Site A


Site D


Site A


Site D


Site B


Site C  "

2 calculations


For quadrupole XNLD, the number of calculations  to do has been reduced from :



16 (sites) x 15 (components) to 3 by symmetry considerations 


Conclusion : Always look eirst for symmetries ! 
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DFT calculations
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J. Phys. Condens. Matter 20, 455205 (2008) 
Phys. Rev. B 78, 195103 (2008) 
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Conclusion


¥  Symmetry considerations and tensor expressions are very helpful :



-  to reduce the number of calculations / experiments needed

-  to know what angular dependence to expect


¥  XNLD in XAS is well understood



¥  XNLD in RIXS, XMLD, XNCD… are much more difeicult



