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Dichroism describes an angular and /or polarization behaviour of the absorption
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XMCD sum rules
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Dichroism is not straightforward to predict / calculate...

Let's start with X-ray Natural Linear Dichroism (XNLD)
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Electric operators Magnetic operators Dipole spin position operator
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Selection rules
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If the d,, and d,, ., electron densities are different, one can measure XNLD
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Same crystal but different angular dependence Y
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How to make connection between crystal properties and site properties ?
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Do we need to perform 16 calculations ?
Can we simplify the problem ?
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Wyckoff Positions of Group 227 (Fd-3m) [origin choice 2]

Multiplicity

Wyckoff

letter

site |

éoordihafes

symmetry |

(0,0,0) + (0,1/2,1/2) + (1/2,0,1/2) + (1/2,1/2,0) + 3 translz

192

(x,v.2) (-x+3/4,-y+1/4 z+1/2) (x+1/4 y+1/2 -z+3/4) (x+1/2,-y+3/4 -z+1/4)
(zxy) (z+1/2,-x+3/4,-y+1/4) (-z+3/4,-x+1/4 y+1/2) (-z+1/4 x+1/2 -y+3/4)
(y,z,x) (-y+1/4,z+1/2 -x+3/4) (y+1/2,-z+3/4, -x+1/4) (-y+3/4,-z+1/4 x+1/2)
(y+3/4 x+1/4,-z+1/2) (-y,X,-Z) (y+1/4,x+1/2,z+3/4) (-y+1/2 x+3/4,z+1/4)
(x+3/4,z+1/4,-y+1/2) (-x+1/2,z+3/4 y+1/4) (X-Z,-y) (x+1/4,-z+1/2 y+3/4)
(z+3/4,y+1/4,x+1/2) (z+1/4,-y+1/2 x+3/4) (-z+1/2,y+3/4 x+1/4) (-Z,-y,-X)

(x,-y,-2) (x+1/4,y+3/4 -z+1/2) (x+3/4,-y+1/2,z+1/4) (-x+1/2 y+1/4,z+3/4)
(-z,-x,-y) (-z+1/12 x+1/4 y+314) (z+1/4 x+3/4, -y+1/2) (z+3/4,x+1/2 y+1/4)
(-y,-z,X) (y+3/4,-z+1/2 x+1/4) (-y+1/2,z+1/4 x+3/4) (y+1/4,z+3/4,x+1/2)
(-y+1/4,-x+3/4,z+1/2) (y,x,2) (-y+3/4 x+1/2 -z+1/4) (y+1/2,-x+1/4 -z+3/4)
(x+1/4,-z+3/4,y+1/2) (x+1/2,-z+1/4,-y+3/4) (x,Z,y) (-x+3/4,z+1/2 -y+1/4)
(-z+1/4,-y+3/4 x+1/2) (-z+3/4,y+1/12,x+1/4) (z+1/2,-y+1/4,-x+3/4) (z2,y X)

96

(0,y,-y) (3/4,-y+1/4 -y+1/2) (1/4,y+1/2,y+3/4) (1/2,-y+3/4,y+1/4)
(-v,0,y) (-y+1/2,3/4 -y+1/4) (y+3/4 1/4 y+1/2) (y+1/4,1/2 -y+3/4)
(v,-y,0) (-y+1/4,-y+1/2 3/4) (y+1/2 y+3/4 1/4) (-y+3/4,y+1/41/2)
(0,-yy) (1/4,y+3/4 y+1/2) (3/4,-y+1/2,-y+1/4) (1/2 y+1/4 -y+3/4)
(y,0,-y) (y+1/2,1/4 y+3/4) (-y+1/4,3/4 -y+1/2) (-y+3/4 1/2 y+1/4)
(-v.y,0) (y+3/4y+1/2 1/14) (-y+1/2 -y+1/4 3/4) (y+1/4,-y+3/41/2)

96

(x,X,2) (-x+3/4,-x+1/4,z+1/2) (-x+1/4 x+1/2,-z+3/4) (x+1/2,-x+3/4,-z+1/4)
(z,x,x) (z+1/2,-x+3/4,-x+1/4) (-z+3/4,-x+1/4 x+1/2) (-z+1/4 x+1/2 -x+3/4)
(x,z,X) (-x+1/4,2+1/2,-x+3/4) (x+1/2,-z+3/4,-x+1/4) (-x+3/4,-z+1/4 x+1/2)
(x+3/4 x+1/4,-z+1/2) (-X,-X,-Z) (x+1/4,-x+1/2,z+3/4) (-x+1/2,x+3/4,z+1/4)
(x+3/4,z+1/4,-x+1/2) (-x+1/2,z+3/4 x+1/4) (-X,-Z,-X) (x+1/4,-z+1/2 x+3/4)
(z+3/4 x+1/4,x+1/2) (z+1/4,-%x+1/2 x+3/4) (-z+1/2 x+3/4 x+1/4) (-Z,-X,-X)

48

(x+3/4,3/8,318) (-x+1/2,7/8,3/8) (7/8,3/8,-x+1/2) (3/8,3/8 x+3/4)

(x,1/8,1/8)  (x+3/4,1/85/8) (1/8x,1/8)  (5/8,-x+3/4,1/8)
(118.118x)  (1/8,5/8,-x+3/4) (7/8 x+1/4,3/8) (7/8,-x,7/8)

32

3m

(x,x,x) (-x+3/4,-x+1/4 x+1/2) (-x+1/4 x+1/2,-x+3/4) (x+1/2,-x+3/4,-x+1/4)
(x+3/4 x+1/4,x+1/2) (-X,-X,-X) (x+1/4,-x+1/2 x+3/4) (-x+1/2 x+3/4 x+1/4)

16

-3m |

(112,1/2,1/2) (1/4,3/4,0) (3/4,0,1/4) (0,1/4,3/4)

16

-3m |

(0,0,0) (3/4,1/4,1/12) (1/4,1/2,3/4) (1/2,3/4,1/4) 4- equivalent S]tes

-43m |

(3/8,3/8,3/8) (1/8,5/8,1/8)

43m |

itions

3x4=12

by rotation

(1/8,1/8,1/8) (7/8,3/8,3/8)
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Calendar Operator | Orientation
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Crispy 56 {1,1,1}.{1,1,-1} {1,-1,1} {-1,1,1} . {-1,-1,1} {-1,1,-1} , {1,-1,-1} . {-1,-1,-1},
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1. Can we predict the angular dependence based on the crystal structure ?
2. Is there an analytical expression of the XAS cross-section :

for electric dipole transitions ?
for electric quadrupole transitions ?

3. How does one calculate the spectrum for the whole crystal using a single atom model ?

#%"



Expression of the angular dependence of XAS, RIXS etc...

Many physical properties can be described by a tensor : for example :

electric dipole transition amplitude in XAS : tensor of rank 1 (= a vector) :
31 =3 components

electric dipole transition intensity in XAS : tensor of rank 2 (= a matrix)
3?2 = 9 components

A tensor of rank N is the generalized form : 3Y components

Two formalisms can be used to describe the same physical property :

- (Cartesian Tensors
- Spherical Tensors



Expression of the angular dependence of XAS, RIXS etc...
Take a Cartesian tensor of rank 2 and apply a transformation : "
its components will transform linearly into themselves

Now we limit ourselves to rotations

It is possible to make « special » linear combinations the 9 components and
from « groups » where they transform into themselves

One is invariant : a scalar (a 0™ rank tensor)
A group of 3 transform into themselves : a vector (a 15t rank tensor)

A group of 5 transform into themselves : a 2" rank tensor

It is not possible to make smaller groups : we call them irreducible tensors
HA"



Expression of the angular dependence of XAS, RIXS etc...

Ex : Spherical harmonics ng are irreducible tensors"

By analogy, irreducible tensors are labeled : Tgm

"

rank

It is easy to rotate or multiply them.

#P"



XAS cross-section in Cartesian coordinates : (1) electric dipole transitions

In Quanty (which uses Green function formalism) the electric dipole XAS cross-
section is calculated as the Imaginary part of the « conductivity tensor » # :

IB@8*68."GTAHIV| . rsrse

M 9/'+"

TC'S5-."M"G"FIJ"

6

—>

.

I "L&2%(518%-$>$48)(' "$)%7/%8/7-25%2"
I 'L.&2"73)('4-$(5"%'())D)2%-$(F675&25>2'@R7)$/ @2 %7/%8/7-28("75@

#Q"



XAS cross-section in Cartesian coordinates : (1) electric dipole transitions

¥ For linearly polarized x-rays, this conductivity tensor writes :
oP(e) = ZG,‘G_,‘G,‘_,‘. with
i
1=XYy,Z ;]=XY.Z

0ij = 4 aohw Y (il f)(fIrj1i)8(Er — Ei — hw).
f

I The « conductivity tensor » #; = a Cartesian tensor of rank 2 (= a matrix):

3 x 3 =9 components

Oxx Oxy Oxz
Oyx Oyy Oyz
Ozx Ozy Ozz
#S"



XAS cross-section in Cartesian coordinates : (1) electric dipole transitions

J:/7(*)C"
N::8+'*->/

Gxx

N




XAS cross-section in Cartesian coordinates : (1) electric dipole transitions




J:/7(*)C"
> 8+'*->/
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XAS cross-section in Cartesian coordinates : (1) electric dipole transitions

¥ Simplification is possible by considering the symmetry group G of the sample

For any operation Sin G, o(¢)=0[S5(¢)]

# is symmetrized (averaged over all S symmetry operations)

I Spherical average : the case of a powder :

(o D(e)) = %(o_\._\. + Oy + 0;;).

The isotropic spectrum is the trace of the conductivity tensor in any (x,y,z) frame

$%"



In the cubic (xyz) frame the conductivity tensor writes :

Oxx Oxy
Oyx = Uyy: O ﬂr
isotropic

Other components
are Zero

a
4@|
a

<

£




I "L&2"%7)2"(@8""79(57/")@**2-'@"

Oyx = 0,7 Oy,

dichroism

Other components
are zero

Z axis

In the (xyz) tetragonal frame where z is the
fourfold axis the conductivity tensor writes :
N i o
W
Oyx /& Oz
W
Ozxx O Oz




Other (equivalent) expressions from the literature for a dichroic crystal :

A crystal with a high symmetry axis z : trigonal or tetragonal system

The conductivity tensor can be written in the principal axis

of 0 0 means parallel to z (=#
aD(é)=‘é.(o D 0).@. // P (5#,)

0 0 o - means perpendicular to z (=#,,, #,,)

2 fundamental spectra only are needed in order to know everything

Analytical expression of dipole cross-section for a trigonal or tetragonal crystal :

sin € cos ¢
A e 9 92
aD(e) = of sin” @ + Ulf) cos~ 6. A ) )
. . €=\ sin #sin ¢
D D 2
= Oigo + 304.(3cos* 0 — 1), cos 0

At magic angle (54.7 ° between ! and z) : one measures the isotropic spectrum .,



Magnetic field along z




In the (xyz) orthrhombic frame the conductivity tensor writes :

g

Oxx Oxy Oxz
Oy # 0,7 O,
Cyy Cyz
Other components
dare Zero
Oz Ozz




, B #90°

In the (xyz) monoclinic frame the conductivity tensor writes :
C
a

Oxx Oxy Oxz
O # O, % O,
Oy Cyy yz

#,, and #,, are
non-zero




| "L&2"%7)2"(6"-'$%/FER%2-'@"

In the (xyz) triclinic frame the conductivity tensor writes :

9 components
are different




XAS cross-section in Cartesian coordinates : (2) electric quadrupole transitions
For linearly polarized x-rays, the electric quadrupole XAS cross-section writes :

o (€, k) = Z €il\’jell\'mo’ijlm.» with

ijlm

Gijim = 7 aoh Y _(ilviv;| f)(friwnli)8(Er — Ei — ho),
f

I Conductivity tensor : a Cartesian tensor of rank 4 :
more complicated than a matrix !
3 x 3 x3x3 =381 components

Note that Quanty calculates only a 5x5 matrix (25 well-chosen wrt symmetry) components

| For a powder:

k* N
(O’(G._ l‘)> — ]_S(_O'.r.r.\'.\' + Oyyyy + Ozzzz + I0xyxy + 3 Oxzxz

5
+ -’0)':_\': 0.\'.\')‘)‘ — Oxxzz — 0_\'_\':: )

= the isotropic quadrupole spectrum o



Expressing the angular dependence with Cartesian tensors quickly becomes heavy :

for electric quadrupole transitions
when symmetry is low

What about with spherical tensors ?

Expressions for all symmetry groups (dipole and quadrupole operators) are given in :

C. Brouder, « Angular dependence of x-ray absorption spectra »,
J. Phys. Condens. Matter 2 701 (1990)



XAS cross-section in spherical coordinates : (1) electric dipole transitions

For linearly polarized x-rays, the electric dipole XAS cross-section writes :

oP(£) = 0"(0.0) — V8x/5 X Y (6o, m). with

J

isotropic

" N
/ anisotropic tensor components

= fundamental spectra

angular coefficient = energy-dependent functions

I The symmetry of the crystal restricts the possible values of #(2,m).

Angular dependence

Point groups

[sotropy (i}
Dichroism (ii)

Trichroism (iii@)
Trichroism (iiib)
Trichroism {1iic)

O, (m3m), T, (33m), O (432), T, (m3). T (23)
D.y(=/mm). C., (®m), Dy, (6/mmm), Dy, (6m2), C.,
(6mm}, D, (622), Ce(6/m), Cy. (8), C4(6), Dy (3m), Cs,
(3m). D,(32).S,(3). C, (3). D, (4/mmm), Dy, (32m),
Ca (4mm), D, (422), Cy (4/m), S, (4). C. (4)

D, (222), C,, (mm2). D,, (mmm)

C;(2). C.(m). Cyy (2/m)

C, (.G

%%"



XAS cross-section in spherical coordinates : (1) electric dipole transitions

Examples Gin 0 ¢
D sinf/cos ¢\ axis defined as high symmetry axis of the crystal
€=| sin #sin ¢
cos 0
Cubic oP(€) = a(0, 0). isotropic: 1 spectrum to measure / calculate
= Oy~ GW:OZZ
Trigonal / Tetragonal

dichroism: 2 spectrato measure / calculate

oP(£) = 6®(0,0) — (1/V2)(3 cos? 6 — 1)a”(2, 0)

similar to: o2, + 302.(3cos’8 — 1)

Triclinic

aP(&) = a(0, 0) — V3sin? [cos 2¢0a™ (2, 2) + sin 2¢o'(2, 2)]

+2V/35sin 6 cos A[cos goP'(2, 1) + sin po'(2, 1))
(VB (Beos? 6 - 1)oP(2.0) 6 spectra to measure / calculate

trichroism

%="



XAS cross-section in spherical coordinates : (2) electric quadrupole transitions

For linearly polarized x-rays, the electric quadrupole XAS cross-section writes :

1 isotropic

T

o?(&, k) = 69(0,0) + 2((—2/9)\/14::[1/3'* (£) + Y2* (k)] = 87/(9V5)
xS (2af25|Zm)Y‘z'*(é)Y{?*(lE)\)oo(Z, my+ S ({16m’(3\/§) with
aff / mo\
x 3 (2a26|4m) Y3 (€)Y8" (k) JoO(4, m)
aff

5 +9 = 14 anisotropic tensor components

15 independent fundamental spectra (energy-dependent functions) in
order to determine (= measure or calculate) # for any (!,k)

%A"



XAS cross-section in spherical coordinates : (2) electric quadrupole transitions

Examples sin @ cos qc' " cos 6 cos @ €OS 3 — sin @ sin W\
é=|sin@sing k= | cos@singcosy +cossiny |. spherical coordinates
"\ cos 6 —sin 8 cos y

(xyz) frame : z axis defined as high symmetry axis of the crystal
x and y are defined according Tables of Crystallography

Cubic o9&, k) = 6°(0, 0) + (1/V14)[35 sin? 8 cos? B cos? y + 5sin? Bsin? y — 4
+ 5sin? 8(cos® @ cos? y cos 4 — sin® y cos 4

— 2 cos 8 sin y cos y sin 4¢)]o9(4, 0).

XNLD is not zero for a cubic crystal !
2 spectra to measure / calculate

Trigonal
a?(&, k) = a2(0, 0) + V5/14(3 sin? 8sin? y ~ 1)09(2, 0)
+ 1/V/14(35 sin? 6 cos? 6 cos? y + 5sin? Bsin? y — 4)0°(4, 0)
— V10 5sin 8[(2 cos? Bcos? y — 1) cos 6 cos(3)
— (3cos® @ — 1) sin y cos y sin(3¢)]o?" (4, 3).
4 spectra to measure / calculate
Triclinic

15 spectra to measure / calculate
%P"



Coming back to our example : how to calculate XNLD in practice ?

i>

2

S w-E, +E)

q. o) = dret wZKf

I
er+—erkr
2

—
“ Kk ——LC 1110

(tloaf) sl 1 B, +E )+ ans

N fi

(f|oakrfi) sln#! E, +E)

( (#)=4"2gn#"

dipole quadrupole
Cubic aP(€) = aP(0.0). o9&, k) = 0°(0, 0) + (1/V14)[35 sin? 6 cos? @ cos? y + 5sin® Hsin® y — 4
CryStal + 5sin® B(cos® @ cos® Y cos 4@ — sin® y cos 4¢

— 2 cos @ sin y cos ¥ sin 4¢)]o? (4, 0).

One spectrum to calculate : Two spectra to calculate :
any orientation of ! $)'4())$3/2" two independent sets of (!,k)

%Q"



quadrupole

? UHH!V"

Two spectra to calculate :

two independent sets of (! k)

é k 6
(0,1,0) (-1.0,0) z
Uglb(arot =0°) = O'g - T g]b(4,0).

é K 0

1 1 1 1 37

7
UCQle(arot =90°) = O'g + 5 E g.lb(4'0)‘

—

1y

ASH

13

S

o1



Coming back to our example : how to calculate XNLD in practice ?

—

[110]

dipole
Cubic
crystal aP(€) = (0, 0).
isotropic"

One D, site
oP(£) = a®(0,0) — (1/V2)(3cos? 6 — 1)aP(2, 0)

Dichroism : 2 fundamental spectra

olo)- 't 03 Kf

2
e +|Eg.rk.r i> S w-E, +E)

quadrupole

o9&, k) = 0°(0, 0) + (1/V14)[35 sin? 6 cos? B cos? y + 5sin? Bsin? y — 4
+ 5sin? B(cos? @ cos? y cos 4 — sin® y cos 4

— 2 cos 8 sin ¥ cos ¥ sin 4¢)]o?(4, 0).

Dichroism : 2 fundamental spectra

a?(&, k) = a2(0, 0) + V5/14(3 sin? 8sin? y — 1)09(2, 0)
+ 1/V14(35 sin? 6 cos? 6 cos? y + 5sin? Bsin? y — 4)a9(4, 0)
- V105sin B[(2 cos? Bcos® y — 1) cos 6 cos(3¢)
— (3cos® @ — 1) sin y cos y sin(3¢)]o?" (4, 3).

Trichroism : 4 fundamental spectra =H"




Coming back to our example : how to calculate XNLD in practice ?

I
er+—erkr
2

i>25(! w-E, +E)

olo)- 't 03 Kf

dipole quadrupole
Cubic 02, k) = 0°(0, 0) + (1/\V/13)[35 sin? 6 cos? 6 cos® y + 5sin® Hsin? y — 4
Drgy — 4D
CryStal o°(€) = 07(0,0). + 5sin® B(cos® @ cos® y cos 4 — sin® y cos 4¢
isotropic” — 2 cos @'sin y cos y sin 4¢)]0(4, 0).

dichroism : 2 fundamental spectra

Average over A,
B, Cand D sites Average over A,
B, C and D sites

One D, site

_ (¢, k) = 09(0,0) + V5/14(3 sin? §sin® y ~ 1)0?(2, 0)
oP(€) = o®(0,0) — (1/V2)(3cos* 8 — 1)o”(2,0) o7(6,k) = 07(0,0) + V5/14(3sin’ bsin” y = o(2, 0

+ 1/V14(35 sin? 6 cos? 6 cos? y + 5sin? Bsin? y — 4)a9(4, 0)
dichroism : 2 fundamental spectra — V10sin 6[(2 cos? Bcos? Y — 1) cos 8 cos(3¢)
— (3cos® @ — 1) sin y cos y sin(3¢)]o?" (4, 3).

trichroism : 4 fundamental spectra ="




Be careful :

the fundamental spectra (tensor components)of the crystal are not necessarly
the same as for a single site.

Here it can be shown that :

/ 2°¢(0,0) =/ > (0,0)
crystal 1o (00)=/ Ds" (0.0) site

/ cube(4 O) —n = (7/ Dsq (4 O) + 2\/70/ Pad (4 3))



rot;=R,(%/2)

site A ! site B
#,,1) #y(rotg (1))
# ,!BF #, (rotg™ (1), rotz (k)

rot.=R (3%/2

site A ! site C
Hyn!) #,(rot.1(1)
#,,! Bl #, (rot.1(1), rot.1(k))
rot,=R, (%
site A ! site D
#y:!) #,(roty (1)
#,,1 Bl #, (roty (1), roty1(k))

cube A B C D
O, =0, +0,+0, +0,
cube A B C D



(0,1,0)

™>

=

Sl

Site A
Site B

€ - rk x| =[R)5(&) - rR (k) - ]

k
(=1.0.0) =|R' (&) rRI\(K) - 1 Site D
=|R;L (&) - rRZL(K) -r|=xy. Site C "
. 02 (é.K) = 02(.k). 1 calculation
1 1
0.3-2) Site A
— |-",2/2 —(x- .\‘)2/4| Site D

é-rk-r|=|R'(&) rR'(K) - 1|

IR-,(é) - rR-L(k) - x| Site B
= [R5} 5(&) - rR)(K) - x| = |22/2 = (x + y)%/4]. Site C "

0(2 Kk 0(2 Kk
o2, (é.K) = A(s’k)’LO‘C(e'k)' 2 calculations
2

For quadrupole XNLD, the number of calculations to do has been reduced from :

16 (sites) x 15 (components) to 3 by symmetry considerations

=0p"

Conclusion : Always look first for symmetries !



Normalized absorption
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J. Phys. Condens. Matter 20, 455205 (2008)
Phys. Rev. B 78, 195103 (2008)



Conclusion

¥ Symmetry considerations and tensor expressions are very helpful :
- to reduce the number of calculations / experiments needed
- to know what angular dependence to expect

¥ XNLD in XAS is well understood

¥ XNLD in RIXS, XMLD, XNCD... are much more difficult



